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Abstract A concept of phase synchronization point is proposed, and then a model
is built using this concept to explain secondary instabilities. This model has been
used to determine the conditions of K- and H-type secondary instabilities, which
are coincident with the conditions published in literatures. It also can be used
to analyze other secondary instability phenomena. For example, the numerical
results validate the analysis results in the case of 1/3rd subharmonic mode sec-
ondary instability. Furthermore, the numerical results indicate that the spanwise
wave number of 3D disturbance has signiﬁcant effect on the secondary instability.
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Secondary instability is often used to explain the instability phenomena induced by three-
dimensional (3D) disturbances in shear layers, which is of signiﬁcant importance to transition
control. In 1962, Klebanoff et al.1 found 3D disturbance in a boundary layer experiment de-
spite controlling the experiment in two-dimensional (2D) seriously. In order to explain this phe-
nomenon, Craik2 proposed theory of resonant triads in 1971. And in 1988, Herbert3 reviewed
the theory of secondary instability of boundary layer. This theory has the ability to predict which
3D disturbances are unstable under a given amplitude of 2D T-S wave, but it can not predict how
them evolve. Herbert classiﬁed the secondary instability into three types as fundamental mode,
subharmonic mode and detuned mode. Now the conditions and evolving patterns of fundamental
and subharmonic modes have become well known, which has been conﬁrmed not only in bound-
ary layers4,5 but also in mixing layers,6–8 but the study is not enough for other types secondary
instabilities. In this paper, we built a model for secondary instability by proposing phase synchro-
nization points concept, which has the ability to determine the condition and evolving pattern of
secondary instability of shear layers.
For the analysis of secondary instability, the basic ﬂow is of the form v2(x,y; t) = v0(y) +
Av1(x,y; t), where v0 = v0(y) represents the mean shear layer ﬂow, A is the amplitude of the peri-
odic modulation, and v1 is a T-S wave for a given set of parameters. When 3D disturbance was im-
posed on the basic ﬂow, the ﬂow ﬁeld can be expressed as v(x,y,z; t) = v2(x,y; t)+A3v3(x,y,z; t).
In linear stability theory, the 2D T-S wave has the form of v1(x,y; t) = vˆ1(y)A1 exp[i(α1x+
ϕ01)] and the 3D disturbance wave has the form of v3(x,y,z; t) = vˆ3(x,y)A3 exp[i(α3x+ β3z+
ϕ03)], where “∧” represents eigenfunction, α is streamwise wave number and β is spanwise wave
a)Corresponding author. Email: yangwb2006@sina.com.
b)Email: qshen2@sina.com.
c)Email: Qwang327@163.com.
d)Email: Yuan xj18@163.com.
062001-2 W. B. Yang, et al. Theor. Appl. Mech. Lett. 4, 062001 (2014)
number, ϕ is the initial phase. We ﬁnd that the evolving pattern of these two waves can be deduced
from their phase relations. Firstly, we introduce a concept of phase synchronization. If wave phase
shift between two points satisﬁes
[α1(x+Δx)+ϕ01]− (α1x+ϕ01) = 2kπ,
[α3(x+Δx)+β3(z+Δz)+ϕ03]− (α3x+β3z+ϕ03) = 2nπ,
(1)
then we call these two points phase synchronization, where Δx and Δz are streamwise and span-
wise distances between these two points, respectively, and both k and n are integer number. From
Eq. (1) we have
α1Δx = 2kπ, β3Δz = 2(n− kα3/α1)π. (2)
Considering the minimum period, i.e., let k = 1, then we obtain
α1Δx = 2π, β3Δz = 2(n−α3/α1)π. (3)
Here we demonstrate how to use this model to analyze secondary instabilities via the study
of a temporal compressible mixing layer. The mean velocity proﬁle of this mixing layer is given
as a hyperbolic-tangent function and the convective Mach number equals 0.2. The temperature is
determined by the Crocco–Busemann relation, the pressure is assumed uniform, and the density
is determined by the state equation of perfect gas. Firstly, we use linear stability theory to obtain
its most unstable wave, which is a 2D wave with wave number equal to 0.86.
K-type secondary instability For K-type secondary instability, its classical pattern is shown
in Fig. 1(a), so there are
Δx = m1λx, Δz = m2λz. (4)
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Fig. 1. (Color online) K-type secondary instability of mixing layer. (a) Sketch and (b) numerical results.
Substituting Eq. (4) into Eq. (3), we can obtain α3/α1 = n−m2 = l, where l is an integer. For
l = 1, we have α3 = α1. This is just the condition for K-type secondary instability in literature.
Figure 1(b) shows the corresponding numerical result at β3 = 0.86, where the computational
domain is set as 3λx1× 2λx1× 2λz3 and the grid points number is set as 61× 101× 41. We can
ﬁnd that the evolving pattern of secondary instability in numerical results is the same as expected.
H-type secondary instability For H-type secondary instability, its classical pattern is shown
in Fig. 2(a), so the spatial relations of phase synchronization points are
Δx = m1λx, Δz = (m2+1/2)λz. (5)
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Substituting Eq. (5) into Eq. (3), we have α3/α1 = n−m2 − 1/2 = l − 1/2. Analogously,
for l = 1, we have α3 = α1/2, which is just the condition for H-type secondary instability in
literature. Figure 2(b) shows the corresponding numerical result at β3 =α1/3= 0.2867, where the
computational domain is set as 4λx1×4λx1×2λz3 and the grid points number is set as 61×101×
41. The evolving pattern of secondary instability in numerical results is the same as expected, too.
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Fig. 2. (Color online) (a) A sketch and (b) numerical results of H-type secondary instability of shear layer.
From Eq. (2), we can also deduce the relations between Δx and Δz if the relation between α1
and α3 is given. For example, for α3 = α1/3, we have
Δx = 2kπ/α1 = kλx, Δz = 2(n− k/3)π/β3 = (n− k/3)λz. (6)
In fact, Eq. (6) determines the spatial distribution of phase synchronization points under the condi-
tion of α3 = α1/3. For n= 1, this distribution can be plotted as solid lines in Fig. 3(a). Figure 3(b)
displays the corresponding numerical result at β3 = α1/3= 0.2867, where the computational do-
main is set as 4λx1×4λx1×2λz3 and the grid points number is set as 61×101×41. We can ﬁnd
that the numerical results are in good agreement with the prediction.
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Fig. 3. (Color online) (a) A sketch and (b) numerical results of 1/3rd subharmonic instability of shear layer.
Here a special phenomenon is given. For α3 = α1/2 and β3 = α1/2 = 0.43, the computa-
tional domain is set as 4λx1 × 4λx1 × 2λz3 and the grid points number is set as 61× 101× 41.
Figure 4 shows numerical results. This phenomenon belongs to subharmonic mode but the Λ
vortex evolves into box shape. This implies that the spanwise wave number has signiﬁcant effect
on the evolving process in secondary instability phenomena.
In order to further understand the effects of spanwise wave number, we study another case.
In this case we still suppose α3 = α1/2, but β3 = 3α1/4 = 0.645. And the same computational
domain and grid points number are used. The numerical results are shown in Fig. 5. It can be
found that the vortex structures are helix now. The 3D disturbance waves do not evolve into Λ
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Fig. 4. (Color online) Numerical result of box-type secondary instability.
vortex but into “M” shape vortex. These results demonstrate a signiﬁcant effect of spanwise wave
number again. We speculate that there is a critical value of β3 to divide the subharmonic mode
secondary instability into classic H-type and helix type.
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Fig. 5. (Color online) Numerical result of helix-type secondary instability.
In this paper we used the phase relation between 2D and 3D disturbance wave to determine the
evolving process of secondary instability phenomena. We have demonstrated its function in the
case of K-type, H-type, and 1/3rd subharmonic modes. Inversely, it can be used to determine the
relation of streamwise wave numbers between 2D and 3D disturbance wave if the spatial relation
of phase synchronization points is known. At the same time, we showed the important effect of
spanwise wave number of 3D wave by investigating box and helix mode secondary instabilities.
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